Introduction {#Sec1}
============

With the advancement of computing power, we are able to simulate and analyze more and more complicated and high-dimensional models of dynamical systems, ranging from astronomical scales for the simulation of galaxies, over planetary and continental scales for climate and weather prediction, down to molecular and subatomistic scales via, e.g., molecular dynamics (MD) simulations aimed at gaining insight into complex biological processes. Particular aspects of such processes, however, can often be described by much simpler means than the full process, thus *reducing* the full dynamics to some *essential* behavior or *effective dynamics* in terms of some essential observables of the system. Extracting these observables and the related effective dynamics from a dynamical system, though, is one of the most challenging problems in computational modeling (Froyland et al. [@CR29]).

One prominent example of dynamical reduction is arguably given by a variety of multiscale systems with explicit fast--slow time scale separation, mostly singularly perturbed systems, where either the fast component is considered in a quasi-stationary regime (i.e., the slow components are fixed and assumed not to change for the observation period), or the effective behavior of the fast components is injected into the slow processes, e.g., by averaging or homogenization (Pavliotis and Stuart [@CR56]). Much of the recent attention has been directed to the case where the deduction of the slow (or fast) effective dynamics is not possible by purely analytic means, due to the lack of an analytic description of the system, or because the complexity of the system renders this task unfeasible (Froyland et al. [@CR29], [@CR30]; Coifman et al. [@CR12]; Dsilva et al. [@CR20]; Nadler et al. [@CR52]; Singer et al. [@CR67]; Crosskey and Maggioni [@CR13]; Vanden-Eijnden [@CR74]; Kevrekidis and Samaey [@CR34]). However, all of these approaches still depend on some local form of time scale separation between the "fast" and the "slow" components of the dynamics.

The focus of this work is on specific multiscale systems *without* local dynamical slow--fast time scale separation, but for which a reduction to an effective dynamical behavior supported on some low-dimensional manifold is still possible. The dynamical property lying at the heart of our approach is that there is a time scale separation in the *global kinetic* behavior of the process, as opposed to the aforementioned slow--fast behavior encoded in the *local dynamics*. Here, global kinetic behavior means that the multiple scales show up if we consider the *Fokker--Planck equation* associated with the dynamics, say $\documentclass[12pt]{minimal}
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                \begin{document}$$\dot{u} = \mathcal {L}u$$\end{document}$, where the Fokker--Planck operator $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {L}$$\end{document}$ will have several small eigenvalues, while the rest of its spectrum is significantly larger. Such dynamical systems exhibit *metastable* behavior, and the slow time scales are the time scales of statistical relaxation between the main metastable sets, while there is no time scale gap for the local dynamics within each of the metastable regions (Bovier et al. [@CR5]; Schütte and Sarich [@CR64]).

Global time scale separation induced by metastability has been analyzed for deterministic (Dellnitz and Junge [@CR17]) and stochastic dynamical systems (Schütte et al. [@CR65]; Huisinga et al. [@CR31]) for more than a decade. A typical trajectory of a metastable dynamical system will spend most time within the metastable sets, while rare transitions between these sets happen as sudden "jumps" roughly along low-dimensional *transition pathways* that connect the metastable sets (Dellago and Bolhuis [@CR15]; Noé et al. [@CR54]; E and Vanden-Eijnden [@CR24]). For an example, see Fig. [1](#Fig1){ref-type="fig"}.Fig. 1**a** Curved double-well potential with two metastable sets (areas encircled by light gray lines) around the global minima $\documentclass[12pt]{minimal}
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                \begin{document}$$(-\,1,0)$$\end{document}$ and (1, 0). In a typical trajectory (red line), transitions between the metastable sets are rare events and generally happen along the transition path (dashed white line). **b** The $\documentclass[12pt]{minimal}
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                \begin{document}$$x_1$$\end{document}$-component of a longer trajectory that shows multiple rare transitions (or events) (Color figure online)

The tool to describe the global kinetic behavior of a metastable system is the so-called *transfer operator* (the evolution operator of the Fokker--Planck equation), which acts on functions on the state space. The time scale separation we rely on here implies a spectral gap for this operator. This fact has been exploited to find low-dimensional representations of the global kinetics in the form of Markov chains whose (discrete) states represent the metastable sets, while the transition probabilities between the states approximate the jump statistics between the sets on long time scales. Under the name "Markov state models" (MSMs), this approach has led to a variety of methods (Bowman et al. [@CR6]; Schütte and Sarich [@CR64]) with broad application, e.g., in molecular dynamics, cf. Schütte et al. ([@CR65]), Pande et al. ([@CR55]), Schütte et al. ([@CR66]) and Chodera and Noé ([@CR9]). This reduction comes with a price: Since the relaxation kinetics is described just by jumps between the metastable sets in a (finite) discrete state space, any information about the transition process and its dynamical features is lost. A variety of approaches have been developed for complementing the MSM approach appropriately (Metzner et al. [@CR50]), but a continuous (in time and space) low-dimensional effective description based on MSMs allowing to understand the transition mechanism is infeasible.

In another branch of the literature, again heavily influenced by molecular dynamics applications, model reduction techniques have been developed that assume the existence of a low-dimensional *reaction coordinate* or *order parameter* in order to construct an effective dynamics or kinetics: Examples are free energy-based techniques (Torrie and Valleau [@CR71]; Laio and Gervasio [@CR40]), trajectory-based sampling techniques (Faradjian and Elber [@CR26]; Becker et al. [@CR2]; Moroni et al. [@CR51]; Pérez-Hernández et al. [@CR57]), methods based on diffusive processes (Best and Hummer [@CR3]; Zhang et al. [@CR80]; Pavliotis and Stuart [@CR56]), and many more that rely on the assumption that the reaction coordinates are known. The problem of actually *constructing* good reaction coordinates remains an area of ongoing research (Li and Ma [@CR43]), to which this paper contributes. Typically, reaction coordinates are either postulated using system-specific expert knowledge (Camacho and Thirumalai [@CR7]; Socci et al. [@CR68]), an approximation to the dominant eigenfunctions of the transfer operator is sought (Schütte and Sarich [@CR64]; Chodera and Noé [@CR9]; Pérez-Hernández et al. [@CR57]), or machine learning techniques are proposed (Ma and Dinner [@CR45]). Froyland et al. ([@CR29]) show that these eigenfunctions are indeed optimal---in the sense of optimally representing the slow dynamics---but for high-dimensional systems computational reaction coordinate identification still is often infeasible. In the context of *transition path theory* (Vanden-Eijnden [@CR73]), the committor function is known to be an ideal (Lu and Vanden-Eijnden [@CR44]) reaction coordinate. In Pozun et al. ([@CR58]), the authors construct a level set of the committor using support vector machines, but the computation of reaction coordinates is infeasible for high-dimensional systems. The main problem in computing reaction coordinates for high-dimensional metastable systems results from the fact that all of these algorithms try to solve a *global* problem in the entire state space that cannot be decomposed easily into purely local computations.

In this article, we elaborate on the definition, existence and algorithmic identification of reaction coordinates for metastable systems: We define reaction coordinates as a small set of *nonlinear* coordinates on which a reduced system (Legoll and Lelièvre [@CR42]; Zhang et al. [@CR80]) can be defined having the same dominant time scales (in terms of transfer operator eigenvalues) as the original system. We then consider a low-dimensional state space on which the reduced dynamics is a Markov process. Thus, our approach utilizes concepts and transfer operator theory developed previously, but in our case the projected transfer operator is still *infinite-dimensional*, in stark contrast to its reduction to a stochastic matrix in the MSM approach.

The contribution of this paper is twofold: First, we develop a conceptual framework that identifies *good* reaction coordinates as the ones that parametrize a low-dimensional *transition manifold* $\documentclass[12pt]{minimal}
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                \begin{document}$$\dot{u} = \mathcal {L}u$$\end{document}$ associated with the dynamics. The property which defines $\documentclass[12pt]{minimal}
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                \begin{document}$$t_\text {fast} < t \ll t_\text {slow}$$\end{document}$, the *transition density functions* of the dynamics concentrate around $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {M}$$\end{document}$. We provide evidence that such an $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {M}$$\end{document}$ indeed exists due to metastability and the existence of transition pathways. Crucially, the dimension of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {M}$$\end{document}$ is often lower than the number of dominant eigenfunctions.

Second, we present an algorithm to construct approximate reaction coordinates. Our algorithm is data-driven and *fully local*, thus circumventing the main problem of previously proposed algorithms: In order to compute the value of the desired reaction coordinate $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {X}$$\end{document}$, only the ability to simulate short trajectories initialized at *x* is needed. In particular, we assume no a priori knowledge of metastable sets, no global equilibration, and we do not need to resolve the slow time scales numerically. The algorithm is built on two pillars:The simulation time scale *t* can be chosen a lot smaller than the dominant time scales $\documentclass[12pt]{minimal}
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                \begin{document}$$t_\text {slow}$$\end{document}$ of the system, such that it is feasible to simulate many short trajectories of length *t*.We utilize *embedding techniques* inspired by the seminal work of Whitney ([@CR78]) and the recent work Dellnitz et al. ([@CR18]) that allows one to take almost any mapping into a Euclidean space of more than twice the dimension of the manifold $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {M}$$\end{document}$ and to obtain a one-to-one image of it.These two pillars together with the low-dimensionality of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {M}$$\end{document}$ imply that we can represent the image of the reaction coordinate in a space with moderate (finite) dimension. Then, we can use established *manifold learning* techniques (Nadler et al. [@CR52]; Coifman et al. [@CR12]; Singer et al. [@CR67]) to obtain a parametrization of the manifold in the embedding space and pull this parametrization back to the original state space, hence obtaining a reaction coordinate.

The locality of the algorithm also implies that reaction coordinates are only computed in the region of state space where sampled points are available. This is a common issue with manifold learning algorithms; here, it manifests as the transition manifold being reliably learned only in regions we have good sampling coverage of. However, recently several methods have appeared in the literature that allow a fast exploration of the state space. These methods do not provide equilibrium sampling, but instead try to rapidly cover the essential part of the state space with sampling points. This can be achieved with enhanced sampling methods such as umbrella sampling (Kumar et al. [@CR39]; Torrie and Valleau [@CR71]), metadynamics (Laio and Gervasio [@CR40]; Laio and Parrinello [@CR41]), blue-moon sampling (Ciccotti et al. [@CR10]), adaptive biasing force method (Darve et al. [@CR14]) or temperature-accelerated molecular dynamics (Maragliano and Vanden-Eijnden [@CR46]), as well as trajectory-based techniques such as milestoning (Faradjian and Elber [@CR26]), transition interface sampling (Moroni et al. [@CR51]) or forward flux sampling (Becker et al. [@CR2]). Alternatively, several techniques such as the equation-free approach (Kevrekidis and Samaey [@CR34]), the heterogeneous multiscale method (HMM) (E and Engquist [@CR22]) and methods based on diffusion maps (Chiavazzo et al. [@CR8]) have been developed to utilize short unbiased MD trajectories for extracting information that allows much larger time steps. This can be combined with reaction coordinate-based effective dynamics (Zhang et al. [@CR80]; Zhang and Schuette [@CR79]).

In principle, the method we present in this article may be combined with any enhanced sampling technique in order to generate sampling points that cover a large part of the state space. For simplicity, we will use long MD trajectories to generate our sampling points, but we do not require that the points are distributed according to an equilibrium distribution.

The paper is organized as follows: Sect.  introduces transfer operators, which describe the global kinetics of the stochastic process. Based on these transfer operators, we define metastability, i.e., the existence of dominant time scales. In Sect. [3](#Sec6){ref-type="sec"}, we describe the model reduction techniques *Markov state modeling* and *coordinate projection* that are designed to capture the dominant time scales of metastable systems. Furthermore, we characterize *good* reaction coordinates. In the first part of Sect. [4](#Sec9){ref-type="sec"}, we show that our dynamical assumption ensures the existence of good reaction coordinates, and then in the second part we describe our approach to compute them. Several numerical examples are given in Sect. . Concluding remarks and an outlook are provided in Sect. [6](#Sec18){ref-type="sec"}.

Transfer Operators and Their Properties {#Sec2}
=======================================

As mentioned in Introduction, global properties of dynamical systems such as metastable sets or a partitioning into fast and slow subprocesses can be obtained using transfer operators associated with the system and their eigenfunctions. In this section, we will introduce different transfer operators needed for our considerations.

Transfer Operators {#Sec3}
------------------
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                \begin{document}$$ \mathsf {E[\cdot \mid \mathfrak {E}]} $$\end{document}$ the expectation value. Furthermore, $\documentclass[12pt]{minimal}
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                \begin{document}$$ \{\mathbf {X}_t\}_{t \ge 0} $$\end{document}$ is a stochastic process defined on a state space $\documentclass[12pt]{minimal}
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### Definition 2.1 {#FPar1}

(*Transition density function*) Let $\documentclass[12pt]{minimal}
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                \begin{document}$$ \mathbb {A} $$\end{document}$ be any measurable set, then the *transition density function* $\documentclass[12pt]{minimal}
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                \begin{document}$$ p^t :\mathbb {X}\times \mathbb {X}\rightarrow \mathbb {R}_{\ge 0} $$\end{document}$ of a time-homogeneous stochastic process $\documentclass[12pt]{minimal}
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                \begin{document}$$ \{\mathbf {X}_{t}\}_{t \ge 0} $$\end{document}$ is defined by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathsf {P}[\mathbf {X}_t \in \mathbb {A} \mid \mathbf {X}_0 = x] = \intop _{\mathbb {A}} p^t(x,y) \, \mathrm {d}y. \end{aligned}$$\end{document}$$That is, $\documentclass[12pt]{minimal}
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                \begin{document}$$ p^t(x,y) $$\end{document}$ is the conditional probability density of $\documentclass[12pt]{minimal}
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                \begin{document}$$ \mathbf {X}_0 = x $$\end{document}$.

With the aid of the transition density function, we can now define transfer operators. Note, however, that the transition density is in general not known explicitly and needs to be estimated from simulation data. In what follows, we assume that there is a *unique* equilibrium density $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {d}\mu = \varrho \, \mathrm {d}x $$\end{document}$.

### Definition 2.2 {#FPar2}
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                \begin{document}$$ u = p / \varrho \in L_\mu ^1(\mathbb {X}) $$\end{document}$ be a probability density with respect to the equilibrium density $\documentclass[12pt]{minimal}
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                \begin{document}$$ f \in L^{\infty }(\mathbb {X}) $$\end{document}$ be an observable of the system. For a given lag time *t*:The *Perron--Frobenius operator* $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathcal {K}^t f(x) = \intop _{\mathbb {X}} p^t(x,y) \, f(y) \,\mathrm {d}y = \mathsf {E}[f(\mathbf {X}_t) \mid \mathbf {X}_0 = x]. \end{aligned}$$\end{document}$$All these are well-defined non-expanding operators on the respective spaces.
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \mathcal {P}^t $$\end{document}$ with associated eigenvalue $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \lambda _0 = 1 $$\end{document}$. The definition of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Instead of their natural domains from Definition [2.2](#FPar2){ref-type="sec"}, all our transfer operators are considered on the following Hilbert spaces: $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {P}^t:L^2_{1/\mu }(\mathbb {X}) \rightarrow L^2_{1/\mu }(\mathbb {X})$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {T}^t:L^2_{\mu }(\mathbb {X}) \rightarrow L^2_{\mu }(\mathbb {X})$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {K}^t:L^2_{\mu }(\mathbb {X}) \rightarrow L^2_{\mu }(\mathbb {X})$$\end{document}$. They are still well-defined non-expansive operators on these spaces (Baxter and Rosenthal [@CR1]; Schervish and Carlin [@CR63]; Klus et al. [@CR36]).

Furthermore, we will need the notion of reversibility for our considerations. Reversibility means that the process is statistically indistinguishable from its time-reversed counterpart.

### Definition 2.3 {#FPar3}

(*Reversibility*) A system is said to be *reversible* if the detailed balance condition$$\documentclass[12pt]{minimal}
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                \begin{document}$$ x, y \in \mathbb {X}$$\end{document}$.

In what follows, we will assume that the system is reversible.

One prominent example for a class of SDEs satisfying uniqueness of the equilibrium density and reversibility is given by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\varrho (x)=\exp (-\beta V(x))/Z$$\end{document}$, under mild growth conditions on the potential *V* (Mattingly and Stuart [@CR47]; Mattingly et al. [@CR48]). Note that the subsequent considerations hold for all stochastic processes that satisfy reversibility and ergodicity with respect to a unique positive invariant measure and are *not* limited to the class of dynamical systems given by ([2](#Equ2){ref-type=""}). See Schütte and Sarich ([@CR64]) for a discussion of a variety of stochastic dynamical systems that have been considered in this context.

As a result of the detailed balance condition, the Koopman operator $\documentclass[12pt]{minimal}
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Spectral Decomposition {#Sec4}
----------------------

Due to the self-adjointness, the eigenvalues $\documentclass[12pt]{minimal}
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                \begin{document}$$ \mathcal {T}^t $$\end{document}$ is strictly smaller than 1, and some isolated eigenvalues of modulus larger than *R* exist. It has been shown that this condition is satisfied for a large class of metastable dynamical systems, see Schütte and Sarich ([@CR64]), Sec. 5.3 for details. For example, the process generated by ([2](#Equ2){ref-type=""}) has purely discrete spectrum under mild growth and regularity assumptions on the potential *V*.

Under this condition, ergodicity implies that the dominant eigenvalue $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} 1 = \lambda _0^t > \lambda _1^t \ge \lambda _2^t \ge \cdots . \end{aligned}$$\end{document}$$The eigenfunction of $\documentclass[12pt]{minimal}
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                \begin{document}$$ \left\langle \varphi _i,\, \varphi _j \right\rangle _\mu = \delta _{ij} $$\end{document}$, then any function $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathcal {T}^t f = \sum _{i=0}^\infty \lambda _i^t \, \left\langle f,\, \varphi _i \right\rangle _\mu \, \varphi _i. \end{aligned}$$\end{document}$$For more details, we refer to Klus et al. ([@CR36]) and references therein.

Implied Time Scales {#Sec5}
-------------------
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                \begin{document}$$\begin{aligned} \sigma _\text {dom}(\mathcal {T}^t) := \{ \lambda _0^t, \ldots , \lambda _d^t \}. \end{aligned}$$\end{document}$$Usually, *d* is chosen in such a way that there is a *spectral gap* after $\documentclass[12pt]{minimal}
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                \begin{document}$$ 1-\lambda _d^t \ll \lambda _d^t - \lambda _{d+1}^t $$\end{document}$. The *(implied) time scales* on which the associated dominant eigenfunctions decay are given by$$\documentclass[12pt]{minimal}
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                \begin{document}$$ \mathcal {T}^t $$\end{document}$ is a semigroup of operators, then there are $\documentclass[12pt]{minimal}
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                \begin{document}$$ t_1 \ge \cdots \ge t_d \gg t_{d+1} $$\end{document}$. These are the time scales of the *slow* dynamical processes, also called *rare events*, which are of primary interest in applications. The other *fast* processes are regarded as fluctuations around the relative equilibria (or *metastable states*) between which the relevant slow processes travel.

Projected Transfer Operators and Reaction Coordinates {#Sec6}
=====================================================

The purpose of dimension reduction in molecular dynamics is to find a reduced dynamical model that captures the dominant time scales of the system correctly while keeping the model as simple as possible. In this section, we will introduce two different projections and the corresponding projected transfer operators. The goal is to find suitable projections onto the slow processes.

Galerkin Projections and Markov State Models {#Sec7}
--------------------------------------------

One frequently used approach to obtain a reduced model is *Markov state modeling*. The goal is to find a model that is as simple as possible and yet correctly reproduces the dominant time scales. Given a fixed $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \sigma _\text {dom}(\mathcal {T}^t) \approx \sigma _\text {dom}(T^t), \end{aligned}$$\end{document}$$and it has been studied in detail under which condition this can be achieved (Djurdjevac et al. [@CR19]; Sarich et al. [@CR61]).

There are different ways of constructing an MSM, maybe the most intuitive one is also the simplest: Let the entries of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {C}_1, \ldots , \mathbb {C}_{d+1} $$\end{document}$ (also called *cores*), and its dynamics is characterized by transitions between these sets and fluctuations inside the sets (see Fig. [1](#Fig1){ref-type="fig"} for an illustration). Since the fluctuations are on faster time scales, we neglect them by setting (Schütte et al. [@CR65])$$\documentclass[12pt]{minimal}
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### Remark 3.2 {#FPar5}

There are quantitative results assessing the error in ([4](#Equ4){ref-type=""}) of the MSM in terms of the projection errors $\documentclass[12pt]{minimal}
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Coordinate Projections and Effective Transfer Operators {#Sec8}
-------------------------------------------------------

While the MSMs from above successfully reproduce the dominant time scales of the original system, they often discard all other information about the system, such as the transition paths between metastable sets. Minimal coordinates that describe these transitions are called *reaction coordinates*, and reducing the dynamics onto these coordinates yields *effective dynamics* (Legoll and Lelièvre [@CR42]; Zhang et al. [@CR80]). The goal of the previous section---namely to retain the dominant time scales of the original dynamics in a reduced model---can now be reformulated for this lower-dimensional effective dynamics or, equivalently, for its (effective) transfer operator.
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### Definition 3.3 {#FPar6}
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To get a better feeling for the action of $\documentclass[12pt]{minimal}
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As mentioned above, a Galerkin projection of the transfer operator onto its dominant eigenfunctions is a perfect MSM. In the same vein, we ask here how we can characterize a good reaction coordinate. We can make use of the following general result.

### Lemma 3.5 {#FPar9}

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {H}$$\end{document}$ be a Hilbert space with scalar product $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\langle \cdot ,\cdot \rangle $$\end{document}$ and associated norm $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\Vert \cdot \Vert }$$\end{document}$; let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Q:\mathbb {H}\rightarrow \mathbb {H}$$\end{document}$ be some orthogonal projection on a linear subspace of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {H}$$\end{document}$, with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Q^{\perp } = \mathrm {Id}-Q$$\end{document}$. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T:\mathbb {H}\rightarrow \mathbb {H}$$\end{document}$ be a self-adjoint non-expansive linear operator, and *u* with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Vert u\Vert =1$$\end{document}$ its eigenvector, i.e., $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Tu = \lambda u$$\end{document}$ for some $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda \in \mathbb {R}$$\end{document}$. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Vert Q^{\perp }u\Vert <\varepsilon $$\end{document}$, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T_Q:=QTQ$$\end{document}$ has an eigenvalue $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda _Q\in \mathbb {R}$$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|\lambda - \lambda _Q|<\varepsilon /\sqrt{1-\varepsilon ^2}$$\end{document}$.
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Identifying Good Reaction Coordinates {#Sec9}
=====================================

The goal is now to find a reaction coordinate $\documentclass[12pt]{minimal}
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In fact, eigenfunctions of transfer operators have been used before to compute reduced dynamics and reaction coordinates: In Froyland et al. ([@CR29]), methods to decompose multiscale systems into fast and slow processes and to project the dynamics onto these subprocesses based on eigenfunctions of the Koopman operator $\documentclass[12pt]{minimal}
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                \begin{document}$$ \mathcal {K}^t $$\end{document}$, are shown to be good reaction coordinates. Also, committor functions (introduced in Appendix [B](#Sec20){ref-type="sec"}), which are closely related to the dominant eigenfunctions, have been used as reaction coordinates in Du et al. ([@CR21]) and Lu and Vanden-Eijnden ([@CR44]).

However, we propose a fundamentally different path in defining and finding reaction coordinates, as working with dominant eigenfunctions has two major disadvantages:The eigenproblem is *global*. Thus, if we wish to learn the value of an eigenfunction $\documentclass[12pt]{minimal}
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Example 4.1 {#FPar12}
-----------

Let us consider a diffusion process of the form ([2](#Equ2){ref-type=""}) with the circular multi-well potential shown in Fig. [2](#Fig2){ref-type="fig"}. Choosing a temperature that is not high enough for the central potential barrier to be overcome easily, transitions between the wells typically happen in the vicinity of a one-dimensional reaction pathway, the unit circle. The number of dominant eigenfunctions, however, corresponds to the number of wells. Nevertheless, projecting the system onto the unit circle would retain the dominant time scales of the system, cf. Sect. . $\documentclass[12pt]{minimal}
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Fig. 2**a** Potential with seven wells and thus seven dominant eigenvalues, but only a one-dimensional reaction coordinate. The reaction pathway is marked by a dashed white line. **b** Dominant eigenvalues of $\documentclass[12pt]{minimal}
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Parametrization of Dominant Eigenfunctions {#Sec10}
------------------------------------------
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### Lemma 4.2 {#FPar13}

Assume that there exists a function $\documentclass[12pt]{minimal}
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### Proof {#FPar14}

Assuming ([13](#Equ13){ref-type=""}) holds, there exists a function $\documentclass[12pt]{minimal}
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### Remark 4.3 {#FPar15}

From the proof we see that the pointwise condition ([13](#Equ13){ref-type=""}) can be replaced by the much weaker condition$$\documentclass[12pt]{minimal}
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From here on, we address the following two central questions:*In which dynamical situations can we expect to find low-dimensional reaction coordinates?How can we computationally exploit the properties of the dynamics to obtain reaction coordinates?*Let us start with the first question. We will address the second question in Sects. [4.2](#Sec11){ref-type="sec"} and [4.3](#Sec12){ref-type="sec"}. Experience shows (E et al. [@CR25]; Ren et al. [@CR59]; E and Vanden-Eijnden [@CR23]; Schütte and Sarich [@CR64]) that transitions metastable states tend to happen along the so-called *reaction pathways*, which are the low-dimensional dynamical backbone in the high-dimensional state space, connecting the metastable states via saddle points of the potential *V* (Freidlin and Wentzell [@CR28]).

From now on, we observe the system at an intermediate time scale $\documentclass[12pt]{minimal}
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The existence of this low-dimensional structure in the space of probability densities is exactly the assumption we need to ensure that the dominant eigenfunctions are low-dimensionally parametrizable, and thus that a low-dimensional reaction coordinate $\documentclass[12pt]{minimal}
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### Remark 4.5 {#FPar17}
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### Corollary 4.8 {#FPar21}
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---------------------------------
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The general infinite-dimensional embedding theorem reads:
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Note that ([17](#Equ17){ref-type=""}) implies Hölder continuity of $\documentclass[12pt]{minimal}
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### Remark 4.13 {#FPar28}

The recent work of Dellnitz et al. ([@CR18]) uses similar embedding techniques to identify finite-dimensional objects in the state space of infinite-dimensional dynamical systems. They utilize the infinite-dimensional delay-embedding theorem of Robinson ([@CR60]), a generalization of the well-known *Takens embedding theorem* (Takens [@CR69]), to compute finite-dimensional attractors of delay differential equations by established subdivision techniques (Dellnitz and Hohmann [@CR16]).

Numerical Approximation of the Reaction Coordinate {#Sec12}
--------------------------------------------------
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----------------------------------------------------------------------------------------------

In this section, we describe how to identify $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\hat{\mathbb {M}}$$\end{document}$ numerically. The task is as follows: Given that we have computed $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {E}(\overline{\mathcal {Q}}(x_i)) = {\hat{z}}_i \in \mathbb {R}^{2r+1}$$\end{document}$ for a number of sample points $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{x_i\}_{i=1}^{\ell } \subset \mathbb {X}$$\end{document}$, we would like to identify the *r*-dimensional manifold $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\hat{\mathbb {M}}$$\end{document}$, noting the points $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {E}(\overline{\mathcal {Q}}(x_i))$$\end{document}$ are in a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {O}(\varepsilon )$$\end{document}$-neighborhood of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\hat{\mathbb {M}}$$\end{document}$ (see Sect. [4.3](#Sec12){ref-type="sec"}). Additionally, we would like an *r*-dimensional coordinate function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Psi :\mathbb {R}^{2r+1} \rightarrow \mathbb {R}^r$$\end{document}$ that parametrizes $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\hat{\mathbb {M}}$$\end{document}$ (so that the level sets of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Psi $$\end{document}$ are transversal to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\hat{\mathbb {M}}$$\end{document}$).

This is a default setting for which manifold learning algorithms can be applied. Many standard methods exist; we name multidimensional scaling (Kruskal [@CR38], [@CR37]), isomap (Tenenbaum et al. [@CR70]), and diffusion maps (Coifman and Lafon [@CR11]) as a few of the most prominent examples. Because of its favorable properties, we choose the diffusion maps algorithm here and summarize it briefly for our setting in what follows. For details, the reader is referred to Coifman and Lafon ([@CR11]), Nadler et al. ([@CR52]), Coifman et al. ([@CR12]) and Singer et al. ([@CR67]).
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### Remark 4.14 {#FPar29}
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For the various low-dimensional academic examples Sect. [5](#Sec14){ref-type="sec"}, this is ensured by choosing the $\documentclass[12pt]{minimal}
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Fundamentally though, the central idea of our method does not depend crucially on the applicability of diffusion maps. Rather, the latter can be considered an optional post-processing step. Using the $\documentclass[12pt]{minimal}
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In addition, situations may occur where the a priori generation of evaluation points is not possible or desired. One of the final goals and the work currently in progress is the construction of an accelerated integration scheme that generates significant evaluation points and their reaction coordinate value "on the fly." This is related to the effective dynamics mentioned in fifth point in Conclusion. However, this also requires us to be able to evaluate the reaction coordinate at isolated points, independent of each other, and thus also necessitates the use of the above $\documentclass[12pt]{minimal}
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Numerical Examples {#Sec14}
==================
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In order to demonstrate the efficacy of our method, we compute the reaction coordinates for three representative problems, namely a simple curved double-well potential, a multi-well potential defined on a circle, both in low and high dimensions, and two slightly different quadruple-well potentials stressing the difference between a one- and a two-dimensional reaction coordinate.

Curved Double-Well Potential {#Sec15}
----------------------------

As a first verification, we consider a system with an analytically known reaction coordinate that is then used for comparison. Consider the two-dimensional drift-diffusion process ([2](#Equ2){ref-type=""}) with potential$$\documentclass[12pt]{minimal}
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### Remark 5.1 {#FPar30}
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Circular Potential {#Sec16}
------------------

Let us now compute the reaction coordinates for the multi-well diffusion process described in Example [4.1](#FPar12){ref-type="sec"}. The corresponding *k*-well potential is defined as$$\documentclass[12pt]{minimal}
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In ten dimensions, the computation of the reaction coordinate on all points of a regular grid is no longer possible due to the curse of dimensionality, and neither is the visualization of this grid. Instead, we compute $\documentclass[12pt]{minimal}
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Two Quadruple-Well Potentials {#Sec17}
-----------------------------

Our theory is based on the existence of an *r*-dimensional transition manifold $\documentclass[12pt]{minimal}
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For this we consider the "hilly" and "flat" quadruple-well potentials$$\documentclass[12pt]{minimal}
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                \begin{document}$$V_2$$\end{document}$ possess qualitatively different transition regions Fig. 18Embedding of the grid points for the **a** "hilly" and **b** "flat" four-well potential. A one-dimensional structure is only visible in **a**, i.e., in the presence of a one-dimensional transition path

Both systems possess metastable sets around the four minima $\documentclass[12pt]{minimal}
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Conclusion {#Sec18}
==========

Our main contributions in this paper are as follows:We developed a mathematical framework to characterize good reaction coordinates for stochastic dynamical systems showing metastable behavior, but no local separation of fast and slow time scales.We showed the existence of good low-dimensional reaction coordinates under certain *dynamical* assumptions on the system.We proposed an algorithmic approach to numerically identify good reaction coordinates and the associated low-dimensional transition manifold based on local evaluation of short trajectories of the system only.Our numerical examples show how the procedure works, that it can be used in higher dimensions, and the examples give further evidence that the dynamical assumptions from (b) are valid in many realistic cases. The application of our approach to relevant biomolecular problems, e.g., in protein folding, is ongoing work.

Apart from the application to actual molecular systems, there are several open questions and challenges, which we will address in the future:A rigorous mathematical justification for the dynamical assumption in Definition 4.4 in terms of the potential *V* and the noise intensity $\documentclass[12pt]{minimal}
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Proof of Proposition 3.4 {#FPar31}
------------------------
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B On the Existence of Reaction Coordinates {#Sec20}
==========================================

To motivate the existence of low-dimensional reaction coordinates, let us assume that the dynamics of consideration has $\documentclass[12pt]{minimal}
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However, *r* may also be smaller than *d*. As an example, consider the potential with 4 minima as shown in Fig. [19](#Fig19){ref-type="fig"} on the left. At low temperatures, the "hilly" potential energy landscape confines all transitions between the minima $\documentclass[12pt]{minimal}
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This structural difference of the potentials can also be seen when applying our algorithm to construct the reaction coordinate $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu $$\end{document}$ is a probability measure. (That is, it is finite.)

If it is necessary to break ties in ([15](#Equ15){ref-type=""}), we can do so by taking any of the minimizers. The mapping $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {Q}(\mathbb {X})$$\end{document}$ is a smooth manifold satisfying ([14](#Equ14){ref-type=""}).

In our examples, we used linear functions with great success.

In realistic, high-dimensional systems, the computation of the dominant eigenvalues using grid-based methods is likely infeasible. In these situations, the implied time scales have to be estimated, for example using standard Markov state model techniques (Bowman et al. [@CR6]).
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